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Abstract. We investigate the properties of a modulus of a foliation on 
a Riemannian manifold. We give necessary and sufficient conditions for 
the existence of an extremal function and state some of its properties. 
We obtain the integral formula which, in a sense, combines the integral 
over the manifold with integral over the leaves. We state the relation be- 
tween an extremal function and the geometry of distribution orthogonal 
to a foliation. 



1. Introduction 

In 1950 Ahlfors and Beurling pQ introduced a conformal invariant called 
extremal length of a family of curves in a plane. Its inverse, called the 
modulus, plays major role in the theory of quasiconformal maps. Modulus 
was generalized to family of surfaces and submanifolds [7J [8] . We consider 
a p-modulus of a foliation on a Riemannian manifold. 

The majority of results in this paper is obtained under the assumption of 
existence of a an extremal function of modulus i.e. a function which realizes 
the modulus. We give necessary and sufficient conditions for existence of 
this function (Theorem l3.ip . In particular we consider foliations given by the 
level sets of submersion ( Corollary I3.4p . Moreover, we state some properties 
of extremal function. 

Existence of extremal function allows to define a function 



0( x ) = / fdfJ-L x , x e M, 

J L x 



for any (p G L P (M). The main result is the following integral formula 
(Theorem 14.21) 

Jm Jm 
where fo is the extremal function for p-modulus and tp G L P (M) is such 
that esssup|c/?| < oo and esssup|(/3| < oo. Using this formula we obtain 
some results concerning the geometry of a foliation. Namely, the tangent 
gradient of extremal function is related to the mean curvature of distribution 
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orthogonal to J 7 and there exists a J-'-harmonic measure on M under the 
assumption of compactness of a manifold and the leaves. 

In the last section we give some examples. We consider a foliation by 
circles on a torus in M 3 , a foliation given by a distance function and a 
foliation by spheres in a ring in M n . 

2. Modulus of a foliation 

Let (M, g) be a Riemannian manifold, J 7 a foliation on M. Denote by 
and hl the Lebesgue measure on M and L G J 7 , respectively. Let L P (M) 
denotes the space of all measurable and p-integrable functions on M (with 
the norm || • || p ). 

Lemma 2.1. Let A C M be a measurable set. Then, [JLm{A) = if and 
only if 

fi M ({x G M : Hl x (A fl L x ) > 0}) = 0. 

In particular, if f G L P (M) is nonnegative, then the integral Lfd/^L exists 
for almost every leaf L G J 7 . 

Proof. Follows by Fubini theorem and the fact that foliation is locally a 
product (0, l) fc x (0, l) n ~ k , where k = dim J 7 , n = dimM. □ 

In the space L P (M) consider a family adm p (J-') of all nonnegative func- 
tions / such that f L f dfJ>L > 1 for almost every L G T . Functions belonging 
to this family are called admissible. The p-modulus of J 7 is defined as follows 

mod p (J r ) = inf \\f\\ p 

/eadirip^J 7 ) 

if adm p (J r ) ^ and mod p (J r ) = oo otherwise. 

We say that fo G adm p (J r ) is extremal for p-modulus of a foliation ~F if 
modp(J') = ||/o Hp- 
Proposition 2.2. [3 [2] The modulus has the following properties. 

(1) If C C J 7 and [jC is measurable, then mod p (£) < mod p (J r ). 

(2) If ~F = |J j £j and is measurable for all i, then mod p (J r ) p < 
E,mod p (A) p . 

(3) mod p (J r ) = if and only if there is f G adm p (J r ) swc/i t/iat J L / (i/x^ = 
oo /or almost every L G J 7 '. 

(4) // / G L P (M), then there is a subfamily C such that mod p (£) = 
and f G ^(L) for almost every L G J 7 \ C. 

(5) If f n —> f in L P (M), then there is a subsequence (f ni ) of (f n ) and a 
subfamily C C J 7 such that mod p (£) = and f Ui — >■ / in L X {L) for 
almost every L G J 7 \ C. 
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3. Existence and properties of extremal function 
Let M be a Riemannian manifold, J 7 a foliation on M. 

Theorem 3.1. There is an extremal function f for p -modulus of J 7 if and 
only if for any subfamily C C J 7 such that //((J C) > we have mod p (£) > 0. 

Proof. (=>) Suppose there is a family C C J 7 such that fi(\J C) > and 
mod p (£) = 0. By Proposition 12.21 there is an admissible function / for L 
such that j L f = oo for almost every leaf L £ C. Moreover, there is n > 
such that H/ollp > ||^/|| P on \J£. Put 

Jo onM\(J£ 

Then / is admissible for J 7 but ||/o|| p > ||/o|| P - Contradiction. 

(<=) It suffices to show that adm p (J r ) is closed in L P (M). Take the 
sequence (/ n ) of admissible functions convergent to /. Then / £ L P (M) 
and / > 0. By Proposition 12.21 there is a subsequence (/$.) and a subfamily 
£ such that mod p (£) = and f L fn.dfii — > f L fd^L for every L £ J 7 \ C. 
Hence f L fdfiL > 1 for every L £ 'F\C Since by assumption //([J £) = 0, we 
get that j L fdfiL — 1 for almost every leaf L £ J 77 . Thus / is admissible. □ 

Put 

-Foo = {L £ T : jtir,(L) = oo} and M m = (J ^ 

Corollary 3.2. // jUjw(Af) < oo and i/iere is an extremal function for p- 
modulus of J 7 for some p > 1, then //(Moo) = 0. 

Proof. Function / = 1 satisfies the conditions of Proposition 12.2( 3) for J : 00 . 
Hence mod p (J r 00 ) = 0. Thus, by Theorem 13. 1\ //(Moo) = 0. □ 

We will specify the conditions for the existence of an extremal function 
in the case of a foliation given by a level sets of a submersion. 

Let $ : M — > N be a submersion between Riemannian manifolds. Then 
there is a decomposition 

TM = V* © V*, 

where V* = ker and U* = (V ) 1 . The differential : U* -> TiV is 
a linear isomorphism. Denoting its dual as $J : TiV — >• we define the 
Jacobian J$ of $ as follows 



J$ = v / det($To$, TW^W). 
We will need the following version of Fubini theorem [U [H] 



(1) 
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for any nonnegative and measurable function /. 

Proposition 3.3. Assume a foliation J 7 is given by a submersion $ : M — > 
N such that J$ < C for some C . Let C C T . If mod p (£) = for some 
p > 1, then C C J-oo- 

Proof. Suppose C (jL T^. Then there is a subfamily C! of C such that 
fi({J£') > and Hl(L) < for L G CJ . By Proposition 12.2( 3) there is an 
admisible function / such that j L f = oo for almost every leaf L G C Thus 
by Holder inequality we have 

f dfiL = [ -^_(J$)?^ L < ( f -£rdti L )( [ (JtyUfiL 



where - + - = 1. Hence 

v Q 

f P 

(2) / -r—dar, = oo for almost every L G £ . 

By (J2]) and Fubini theorem ([Tj) 



f p d/j M = [ ( ( -^—d/j^-i^)) dfi N = oo. 



Contradiction ends the proof. □ 

Corollary 3.4. Assume a foliation J 7 is given by a submersion $ : M — > N. 
Assume J$ < C for some C and [im{M) < oo. Then there is an extremal 
function for p-modulus of T (for any p > 1) if and only if ^(M^) = 0. 



Proof. (=>) Follows by Corollary 13.21 

(<=) Assume /i(Moo)=0. Take C C T such that mod p (£) = 0. Then 
C C by Proposition 13.31 Hence fj,([J£) < ^{M^ = 0. Therefore 
Theorem 13.11 implies that there is an extremal function for J 7 . □ 

In the end of this section we state some properties of an extremal func- 
tion. 

Proposition 3.5. Let /o be an extremal function for p-modulus of a folia- 
tion J 7 . Then 

(1) J L fodfiL = 1 for almost every leaf L G T , 

(2) /o is positive. 

Proof. (1) Put M fo = {x G M : /od^ < oo}. By Proposition Ep) 
and Theorem 13.11 Hm{M \ M/ ) = 0. Hence we may assume M = M/ . 
Consider a function 

x fo(x) 
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Then / is admissible, / < f and < ||/o||p- Since f is extremal, we 
have || f\\ p — || /o ||p- Therefore / = /o, so J L fodfiL = 1 for almost every leaf 

LeJ. 

(2) Suppose there is a set A of positive and finite measure such that 
fo = on A. Put 

A 1 = {x G A : < fi Lm (L x n A) < oo}, 
A 2 = {x G A : ji Lx (L x (~)A) = oo}, 
A 3 = {xG A: ^ Lx (L x C]A) = 0}. 

By Lemma 12.11 ^m{^z) — 0- Hence we may assume A = Ax U A 2 . Let 
< t < 1 and put 

t/o(x) ieM\Ai 
Then / > and J L /^/Ul = 1 fo r almost every leaf Le J 7 . Moreover, 



/(*) 



;i-t)'C + ^||/o|g, where C=/ 1 rf/x. 



Hence ||/|| p < ||/o||p if an d only if the function 

a(t) = (l-tfC + ti>\\f \\l-\\f \\l, 0<t<l, 

is negative at some t. Existence of such t follows from the fact that a(l) = 
and a'(l) > 0. □ 

Remark 3.6. Proposition I3.5f l) was first established in [3] but obtained 
under the assumption of continuity of extremal function. 

4. The integral formula 

Let M be a Riemannian manifold, J 7 a foliation on M. Assume there 
exists an extremal function fo for p-modulus of J 7 . 

Lemma 4.1. If Lp G W{M), then ip G L X (L) for almost every leaf L G J 7 . 
Proof. Follows immediately by Theorem 13.21 and Proposition 12.2( 4). □ 
By above lemma, for any G L P (M) the following function 

^(x) = / tpd{i LxJ x G M 

is well defined. 

Theorem 4.2. Assume essinfjv// > 0. T/ien there is the following integral 
formula 

(3) / fi°~ l tpdnM= \ fofidfiM, 

J M J M 
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for any function tp G L P (M) such that esssup|</?| < oo and essswp M \(p\ < oo. 

Proof. Let tp G L P (M), esssup|y?| < oo and assume \<p\ < C for some C > 0. 
Put to = 2C- For any t G [0,£o) consider functions 

^(x) = /o( !lt M:g) = /o(x)± ^ ) , xeM. 

fo ± ty>(a:) 1 ± W) 

Then G L P (M) and for sufficiently small t, ft > 0. Clearly J L ff d{i L > 
1 for almost every L G J 7 . Hence ff G adm p (J r ). Therefore 

(4) \\k\\ v < \\f?\\p- 

Fix x E M and define a function 8(t) = f^(x) p . Then 5(0) = fo(x) p . 

Since 5 is smooth, by mean value theorem, there is 9(t) G (0,t) such that 
5(t) - 6(0) = 5'(9(t))t. Moreover 

(5j nt)-±P (l±t£(x)) p ^ 

Hence 

f±rrv - f (r\ p - | J/oW ± e(tMx)) p -\y(x) - /p(x)^(x)) 

/ t [x) ; [x) -± P (i±e(t)0(x))p+i 

We have 1 — t \(p(x)\ > 1 — t C = \. Therefore f—^pMi < 2. Thus 

<p\if(x) - f (x)(p(x)\- 



t - r,r "" / — ^' (l-to|^|) p+1 

< 2» +1 p(|^)| + C/o(x))(/ (x) + ^^(x)!)^ 1 . 

The function a(x) = (\tp(x)\ + C fo(x))(fo(x) + to| ( ^(x)|) p_1 is integrable on 
M. Indeed, by Holder inequality, 

/ gdnM<2 p+1 (p[ (\<p\ + f Cyd» M ) P ( f ttfa + tolvlY-^dfiM 
jm V J m J \Jm 

= 2 p+1 (pj (\<p\ + hC) p d^ P (jjf + toM) p <w) 9 < oo, 

where - + i = 1. Hence, by Lebesgue dominated convergence theorem, (J5]) 
and (jl]), we have 

< lim / ^ ^ duu 

t->o+ J M t 

lim — dfiM 

M *^ 0+ * 



±P / /o fofydfiu- 
JM 



Hence (ED holds. □ 
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As a corollary we obtain a formula, firstly proven in [5] using different 
approach, for p-modulus and an extremal function fo of a foliation given 
by the level sets of a submersion. 

Corollary 4.3. Assume there is an extremal function fo for p -modulus of 
T and that essinf^/ > 0- If J 1 is given by a submersion $ : M — > N, then 

(6) fo = z , and mod p (J r ) = I / I J&p- 1 J dfi^ 

Proof. By Theorem 14.21 and Fubini theorem ([1]) , for any p-integrable func- 
tion (p such that esssup M |</?| < oo and esssup M |<£| < oo we have 



f$ <pdfi M = / [f$ / ipdfa-ny)) dfi M 

M JM \ J'S>- 1 {y) 



Hence 



JyGN J^~ 1 (y) V *-' ^ J $ ~ 1 (j/) / 

= / ( / pdfi$-i {y ^) ( [ -jj- dfiQ-ify)) dfM N 

Jy£N J^>- 1 (y) V J<S>- x {y) J ^ J 

= [ <pJ&( f d/x#-i( y) J dfi M . 

JM \J$-i{y) J ^ J 

[ f<pdfl M = 0, f = f - 1 -J®([ ^| d^-ifo,). 

We will show that / = 0. Suppose f > on a set A of positive and finite 
measure. Clearly / < oo on A. Let ip be a function on M equal to Jo 
on A and zero elsewhere. Then <p 6 L P (M), tp > 0, esssup M |<^| < oo and 
esssup^f \<p\ < oo. Since / > 0, we get 

= / fipdfi M = / ffodfi M >0- 

JM J A 

Contradiction. Therefore / = and 



Jo _ / Jo 



(7) 7F-X_ IW J¥^-'«- 

Denote the right hand side of above equality by a. Then a is a function on 
M constant on leaves. Moreover, 

(8) / = o#t(J$)^. 
Hence, by (J7|) 

p I i 
a = ap- 1 / (J^p- 1 dfi$-i( y y 

J*-Hv) 
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Therefore 



J<z>-i-(v) 

:dition oi 
modppTHI/ollp 



so by OH]) the firs condition of ([6]) holds. Again, by Fubini theorem (OR 



A' 



□ 

By integral formula (14. 2 p we obtain some results concerning the geometry 
of a foliation J 7 . 

Corollary 4.4. Let J 7 be a foliation on M with closed leaves. Assume 
that extremal function fo for p-modulus of J 7 exists and is C 2 -smooth and 
essinfA//o > 0. Then the mean curvature Hjr± of distribution J 7 - 1 orthogonal 
to J 7 is of the form 

(9) ^x = b-l)(V(ln/ )) T . 

In particular, f is constant on leaves of J 7 (hence fo — j) if and only if 
distribution J 71 - is minimal. 

Proof. Let X be any compactly supported vector field tangent to J 7 . Denote 
by divjrX the divergence of X with respect to the leaves of J 7 . Then 

div^X = divX + (H T ± , X) . 

Since for any smooth function / we have 

div(fX) = fdivX+(Vf,X), 

then putting ip = divjrX in fl3]) we get 

0= / (; p - 1 (divx) + / p - 1 (^x,x))^ 

J M 

= [ (div(/ p - 1 X)-(V/ p - 1 ,X) + / p - 1 (^x,X))^ 
Jm 

= [ (f-\H^,X) - (p-l)f^ 2 (Vf ,X))d f , 
= [ f^ 2 (f H^-(p-l)Vf ,X)d f ,. 
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Taking X = ip(f Hj7± — (p — l)V/o) T ) where if) is a function on M with 
compact support, we get Qj. Moreover, by Qj J 771 - is minimal if and only 
if /o is constant along leaves, hence / = A . □ 

Corollary 4.5. Let J 7 be a Riemannian foliation on M with closed leaves. 
Assume that extremal function fo for p-modulus of J 7 exists and is C 2 - 
smooth and essinf > 0. Then f is constant on leaves of J 7 . 

Proof. Follows from the Corollary 14.41 and the fact that the distribution 
orthogonal to Riemannian foliation is totally geodesic, hence minimal. □ 

It appears that extremal function fo defines a harmonic measure. Pre- 
cisely, we say that a measure \i on a Riemannian manifold M with a foliation 
J 7 is T-harmonic if 

J M 

for all smooth functions / on M, where Aj?f = divjr(V/) T . 

Corollary 4.6. Let M be a closed manifold, J 7 a foliation on M with closed 
leaves. Assume there exists an extremal function f for p-modulus of J 7 such 
that essinfAf/o > 0. Then the measure 

rp—l 

l 1 — JO 

is F-harmonic. 

Proof. Let / be a smooth function on M. Putting (p = Ajrf in integral 
formula (I4.2p . since (p = 0, we have 

0= / f Q p - 1 A T fd f l= [ Ajrfdfi. 
J M JM 

□ 

5. Examples 

5.1. Foliation by spheres. Let M = {i e K" : r x < \x\ < r 2 } be a ring. 
Consider a foliation J 7 by spheres of radii r e (n, r-z). Then J 7 is given, in 
a spherical coordinates, by a submersion $(r, a*i, . . . , a n _i) = r. Thus, an 
extremal function f for a p-modulus of J 7 is, by Corollary 14. 3[ equal to 

fo(r,ati, . . . ,a n _i) = Cr 1_n , 

for some positive constant C. Hence fo is constant on the leaves of J 77 . 
Moreover, J 7 is Riemannian. 
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5.2. Foliation by circles on a torus in IR 3 . Consider a torus T in M. 3 
given parametrically 

(a, (3) i — y ((R + r cos a) cos j3,(R + r cos a) sin /?, r sin a) 

and let J 7 be a foliation on T given by a submersion = (3. Then J 7 

is a foliation by circles of radius r. After some computations we get that 
extremal function f for p-modulus of J 7 is of the form 

fo = C(R + r cos a)~ , 

for some positive constant C. Hence, by Corollary I4.4[ 

sina 1 9 
T R + r cos ar da' 
which is the curvature of orthogonal foliation J 7-1 of circles of radii R+r cos a 
in torus T. 

5.3. Foliation by a distance function. Let Lq be a closed hypersurface 
in W 1 . Let U be any of two connected complements of W 1 \ Lq. Consider a 
distance function from L , 

p(x) = dist(x, L x ), x e R n . 

Let J 7 be a family of level sets of p. There is a neighborhood M of L in U, 
in which p is smooth and J 7 is a foliation on M, see [6]. Moreover |Vp| = 1 
on M [5]. By Corollary 14.31 an extremal function for p-modulus of J 7 is of 
the form 

/oO) = TTTi 
l(x) 

hence is constant on the leaves. Clearly J 7 is Riemannian and the orthogonal 
distribution J 7 - 1 is totally geodesic (compare Corollary 14. 5p . 
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